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PRESERVING CLOSEDNESS OF OPERATORS UNDER SUMMATION
NIKOLAOS ROIDOS
Abstract. We give a sufficient condition for the sum of two closed operators to be closed. In particular,
we study the sum of two sectorial operators with the sum of their sectoriality angles greater than pi. We
show that if one of the operators admits bounded H∞-calculus and the resolvent of the other operator
satisfies a boundedness condition stronger than the standard sectoriality, but weaker than the bounded
imaginary powers property in the case of UMD spaces, then the sum is closed. We apply the result to
the abstract parabolic problem and give a sufficient condition for Lp-maximal regularity.
1. introduction
Let E be a Banach space and A, B be two closed linear operators in E with domains D(A) and D(B)
respectively. We study the problem of whether the sum A+B with domain D(A) ∩ D(B) is closed. An
important application of the closedness of the sum is the Lp-maximal regularity property. Consider the
Cauchy problem { f ′(t) +Af(t) = g(t), t ∈ (0, τ)
f(0) = 0
(1.1)
in the E-valued Lp-space Lp(0, τ ;E), where p > 1 and τ > 0 are finite and −A is the infinitesimal
generator of a bounded analytic semigroup on E. The operator A satisfies Lp-maximal regularity if for
some p (and hence by [6] for all) we have that for any g ∈ Lp(0, τ ;E) the unique solution
f(t) =
∫ t
0
e(x−t)Ag(x)dx
belongs to the first Sobolev space W 1,p(0, τ ;E). It is not difficult to see that the above definition is
independent of τ . For applications of the Lp-maximal regularity property to nonlinear problems, using
Banach fixed point argument, we refer to [4].
In [7] the abstract problem of the closedness of the sum has been studied in the case of a UMD space
(unconditionality of martingale differences) for sectorial operators that have bounded imaginary powers,
and a sufficient condition for closedness has been given. In [9] the same problem has been examined in
the approach of operator valued functional calculus, and it has been shown that R-sectoriality for one of
the operators together with bounded H∞-calculus for the other operator are sufficient for solution. In
both cases, an application to the problem of Lp-maximal regularity has been given.
In this paper we study the closedness of the sum of two closed operators in the case of sectorial
operators with the sum of their sectoriality angles greater than pi. By using the classical formula for the
inverse of the closure of the sum of the two operators and the ideas of Theorem 4.4 in [9] (i.e. dyadic
decomposition of R and an appropriate use of the bounded H∞-calculus property), we observe that the
bounded imaginary powers property generates Banach space valued trigonometric polynomials and hence,
an analogue boundedness condition can be imposed. In this way we show that if one of the operators has
bounded H∞-calculus and the resolvent of the other operator satisfies some Hardy-Littlewood majorant
type inequality, which is a boundedness condition stronger than the standard sectoriality and similar to
the R-sectoriality, then the sum is closed. In the case of spaces having UMD, we further show that the
above boundedness condition is weaker than the bounded imaginary powers property. We finally apply
the result to the problem (1.1) and give a sufficient condition for Lp-maximal regularity in the case of
UMD spaces.
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2. The closedness of A+B
The sectoriality property is essential since it implies closability for the sum of two closed operators.
Definition 2.1. Let E be a Banach space, K ≥ 1 and θ ∈ [0, pi). Let PK(θ) be the class of closed densely
defined linear operators in E such that if A ∈ PK(θ), then
Λθ = {z ∈ C | | arg z| ≤ θ} ∪ {0} ⊂ ρ(−A) and (1 + |z|)‖(A+ z)
−1‖ ≤ K, ∀z ∈ Λθ.
Also, let P(θ) = ∪KPK(θ). The elements in P(θ) are called sectorial operators of angle θ.
If A ∈ PK(θ), then by a sectoriality extension argument (see e.g. III.4.7.11 in [1] or the Appendix of
[11]) we have that
ΩK,θ = ∪λ∈Λθ{z ∈ C | |z − λ| ≤ (1 + |λ|)/2K} ⊂ ρ(−A)
and
(1 + |z|)‖(A+ z)−1‖ ≤ 2K + 1, ∀z ∈ ΩK,θ.
For any ρ ≥ 0 and θ ∈ (0, pi), let Γρ,θ be the positively oriented path
{ρeiφ ∈ C | θ ≤ φ ≤ 2pi − θ} ∪ {re±iθ ∈ C | r ≥ ρ}.
If ρ = 0, we denote Γρ,θ by Γθ. The complex powers of an operator A ∈ P(θ) in a Banach space E are
defined by the Dunford integral. For Re(z) < 0 and ρ > 0 sufficiently small, we have that
Az =
1
2pii
∫
Γρ,θ
(−λ)z(A+ λ)−1dλ,
which together with A0 = I is a strongly continuous holomorphic semigroup on E (see e.g. Theorems
III.4.6.2 and III.4.6.5 in [1]). The imaginary powers are defined by the closure of
sin(ipit)
ipit
∫ ∞
0
λit(A+ λ)−2Adλ in D(A),
and can be bounded or unbounded operators. If there exists some ε > 0 and δ > 0 such that
Ait ∈ L(E) and ‖Ait‖ ≤ δ for all t ∈ [−ε, ε],
then Ait ∈ L(E) for all t ∈ R and there exist some constants M ≥ 1 and φ ≥ 0 such that ‖Ait‖ ≤Meφ|t|,
t ∈ R (see e.g. Corollary III.4.7.2 in [1]). In that case we say that A has bounded imaginary powers (with
power angle φ), and the family {Az |Re(z) ≤ 0} is a strongly continuous semigroup on L(E), i.e. the
map from {z ∈ C |Re(z) ≤ 0} to L(E) (equipped with the strong operator topology) defined by z → Az
is a continuous representation of the additive semigroup {z ∈ C |Re(z) ≤ 0} (this is Theorem III.4.7.1 in
[1]).
Definition 2.2. Let E be a Banach space and A ∈ P(θ), θ ∈ (0, pi). Let H∞0 (θ) be the space of all
bounded holomorphic functions f : C \ Λθ → C such that
|f(λ)| ≤ c
( |λ|
1 + |λ|2
)η
, for any λ ∈ C \ Λθ,
and some c > 0, η > 0 depending on f . Any f ∈ H∞0 (θ) can be extended to non-tangential values in ∂Λθ,
and defines an element in L(E) by
f(−A) =
1
2pii
∫
Γθ
f(λ)(A+ λ)−1dλ.
We say that the operator A admits a bounded H∞-calculus if
‖f(−A)‖ ≤ CA sup
λ∈C\Λθ
|f(λ)|, for any f ∈ H∞0 (θ),(2.2)
where CA > 0 depends only on A
3Note that operators admitting bounded H∞-calculus automatically have bounded imaginary powers
(see e.g. Corollary 2.2 in [2] and Lemma III.4.7.4 in [1]). Moreover, the boundedness condition (2.2) also
holds for bounded holomorphic functions f : C \ Λθ → C satisfying
|f(λ)| ≤ c
|λ|η
1 + |λ|
, for any λ ∈ C \ Λθ,
and some c > 0, η ∈ (0, 1) depending on f (see e.g. Corollary 2.2 in [2]). We recall next a well known
decay property of the resolvent.
Lemma 2.3. Let E be a Banach, A ∈ P(θ), θ > 0, and x ∈ D(Aφ) for some φ ∈ (0, 1). Then, for any
θ′ ∈ [0, θ) and η ∈ [0, φ), zηA(A+ z)−1x is bounded in Λθ′ .
Proof. There exists a y ∈ E such that
x = A−φy =
1
2pii
∫
−δ+Γθ
(−λ)−φ(A+ λ)−1ydλ,
for some δ > 0 sufficiently small, where we have used a sectoriality extension argument. Hence, for any
z ∈ Λθ′ by Cauchy’s theorem we have that
zηA(A + z)−1x =
zη
2pii
A
∫
−δ+Γθ
(−λ)−φ(A+ z)−1(A+ λ)−1ydλ
=
zη
2pii
A
∫
−δ+Γθ
(−λ)−φ
λ− z
(
(A+ z)−1 − (A+ λ)−1
)
ydλ
=
zη
2pii
A(A+ z)−1
∫
−δ+Γθ
(−λ)−φ
λ− z
ydλ−
zη
2pii
A
∫
−δ+Γθ
(−λ)−φ
λ− z
(A+ λ)−1ydλ
= −
zη
2pii
∫
−δ+Γθ
(−λ)−φ
λ− z
(A+ λ− λ)(A + λ)−1ydλ
= −
zη
2pii
∫
−δ+Γθ
(−λ)−φ
λ− z
ydλ+
zη
2pii
∫
−δ+Γθ
λ(−λ)−φ
λ− z
(A+ λ)−1ydλ
=
zη
2pii
∫
−δ+Γθ
λ(−λ)−φ
λ− z
(A+ λ)−1ydλ.
The result now follows by the relation
zηA(A+ z)−1x =
1
2pii
∫
δ−Γθ
( z
λ
)η
1 + z
λ
λ−(φ−η)(A− λ)−1ydλ.

We define next a boundedness condition stronger than the standard sectoriality, that is a Hardy-
Littlewood majorant type of estimation defined on Banach space valued trigonometric polynomials.
Definition 2.4. Let E be a Banach space and θ ∈ [0, pi). Let T (θ) be the subclass of P(θ) such that if
A ∈ T (θ) then for any φ ∈ [−θ, θ], r ∈ [ 1
e
, 1] and x0, ..., xn ∈ E, for all n ∈ N, there exists some collection
a0(t), ..., an(t) ∈ {f ∈ L∞(0, 2pi) | ‖f‖∞ ≤ 1} depending on A, n, φ, r and x0, ..., xn, such that
‖
n∑
k=0
eikt(I + re−k+iφA)−1xk‖Lp(0,2pi;E) ≤ C
p,φ
A ‖
n∑
k=0
ak(t)xk‖Lp(0,2pi;E),
for some fixed p ∈ (1,∞) and some constant Cp,φA > 0 depending on A, p and φ. Let T
∗(θ) be the subclass
of T (θ) such that a0(t), ..., an(t) are independent of x0, ..., xn. The elements in T (θ) and T ∗(θ) are called
T -sectorial and T ∗-sectorial operators of angle θ respectively.
Since we will consider only commuting operators, we recall the following definition.
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Definition 2.5. Two closed linear operators A, B in a Banach space E are resolvent commuting if there
exist some λ ∈ ρ(−A) and µ ∈ ρ(−B) such that
[(A+ λ)−1, (B + µ)−1] = 0.
Then, we can use the commutation properties from Lemmas III.4.9.1 and III.4.9.2 in [1]. By using the
ideas from Theorem 4.4 in [9], we have the following result on the closedness of the sum of two sectorial
operators.
Theorem 2.6. Let E be a Banach space and A ∈ P(θA), B ∈ P(θB) be resolvent commuting with
θA + θB > pi. If one of the operators is T -sectorial and the other one has bounded H
∞-calculus, then
A+B with domain D(A) ∩D(B) is closed and 0 ∈ ρ(A+B).
Proof. We can assume that θA > θB. The fact that A ∈ P(θA) and B ∈ P(θB) with θA+θB > pi, implies
that A+B is closable and its closure has a bounded inverse in E given by
K = (A+B)
−1
=
1
2pii
∫
ΓθB
(A− z)−1(B + z)−1dz.
For details of the above we refer to Theorem 3.7 in [10] (or to Theorem 2.1 in [11]). Also, from the
analysis there (see e.g. 2.5 in [11]), it follows that a sufficient condition for the closedness of A + B is
that K maps to one of the domains D(A) or D(B). By a sectoriality extension argument and Cauchy’s
theorem, we can replace the path ΓθB in the definition of K by ±δ + ΓθB−ε, for some δ > 0 and ε > 0
sufficiently close to zero. Take w ∈ C with Re(w) < 0. By Cauchy’s theorem and Fubini’s theorem (for
the Bochner integral), with ρ > 0 sufficiently small, we have that
KAw =
1
2pii
∫
−δ+ΓθB
(A− z)−1(B + z)−1(
1
2pii
∫
Γρ,θA
(−λ)w(A+ λ)−1dλ)dz
= (
1
2pii
)2
∫
−δ+ΓθB
∫
Γρ,θA
((A− z)−1 − (A+ λ)−1)(B + z)−1(λ+ z)−1(−λ)wdλdz
= (
1
2pii
)2
∫
−δ+ΓθB
∫
Γρ,θA
(A− z)−1(B + z)−1(λ+ z)−1(−λ)wdλdz
−(
1
2pii
)2
∫
Γρ,θA
∫
−δ+ΓθB
(A+ λ)−1(B + z)−1(λ+ z)−1(−λ)wdzdλ
=
1
2pii
∫
−Γρ,θA
(A− λ)−1(B + λ)−1λwdλ.
Since the integral
∫
−Γρ,θA
A(A− λ)−1(B + λ)−1λwdλ
converges absolutely, we find that KAw ∈ D(A) and
AKAw =
1
2pii
∫
−Γρ,θA
A(A − λ)−1(B + λ)−1λwdλ
=
1
2pii
∫
−Γρ,θA
(A− λ+ λ)(A− λ)−1(B + λ)−1λwdλ
=
1
2pii
∫
−Γρ,θA
(B + λ)−1λwdλ+
1
2pii
∫
−Γρ,θA
(A− λ)−1(B + λ)−1λ1+wdλ
=
1
2pii
∫
−Γρ,θA
(A− λ)−1(B + λ)−1λ1+wdλ.(2.3)
5Similarly, we have that
KBw =
1
2pii
∫
δ+ΓθB−ε
(A− z)−1(B + z)−1(
1
2pii
∫
Γρ,θB
(−λ)w(B + λ)−1dλ)dz
= (
1
2pii
)2
∫
δ+ΓθB−ε
∫
Γρ,θB
(A− z)−1((B + z)−1 − (B + λ)−1)(λ− z)−1(−λ)wdλdz
= (
1
2pii
)2
∫
δ+ΓθB−ε
∫
Γρ,θB
(A− z)−1(B + z)−1(λ− z)−1(−λ)wdλdz
−(
1
2pii
)2
∫
Γρ,θB
∫
δ+ΓθB−ε
(A− z)−1(B + λ)−1(λ− z)−1(−λ)wdzdλ
=
1
2pii
∫
Γρ,θB
(A− λ)−1(B + λ)−1(−λ)wdλ.
Since the integral
∫
Γρ,θB
A(A− λ)−1(B + λ)−1(−λ)wdλ
converges absolutely, we find that KBw ∈ D(A) and
AKBw =
1
2pii
∫
Γρ,θB
A(A− λ)−1(B + λ)−1(−λ)wdλ
=
1
2pii
∫
Γρ,θB
(A− λ+ λ)(A− λ)−1(B + λ)−1(−λ)wdλ
=
1
2pii
∫
Γρ,θB
(B + λ)−1(−λ)wdλ−
1
2pii
∫
Γρ,θB
(A− λ)−1(B + λ)−1(−λ)1+wdλ
= Bw −
1
2pii
∫
Γρ,θB
(A− λ)−1(B + λ)−1(−λ)1+wdλ.(2.4)
By taking w = −(θ + φ) + it with t ∈ R, θ + φ ∈ (0, 1) and 0 < θ, φ < 1, we can let ρ = 0 in the
equation (2.3). Then, for any n ∈ N, we infer that
AKA−θ+it = Aφ
1
2pii
∫
−ΓθA
(A− λ)−1(B + λ)−1λ1−(θ+φ)+itdλ
=
1
2pii
∫
−ΓθA
Aφ(A− λ)−1(B + λ)−1λ1−(θ+φ)+itdλ
=
1
2pii
∫
−ΓθA ,|λ|≤1
Aφ(A− λ)−1(B + λ)−1λ1−(θ+φ)+itdλ
+
1
2pii
∫
−ΓθA ,1<|λ|<e
n
Aφ(A− λ)−1(B + λ)−1λ1−(θ+φ)+itdλ
+
1
2pii
∫
−ΓθA ,e
n≤|λ|
Aφ(A− λ)−1(B + λ)−1λ1−(θ+φ)+itdλ,(2.5)
where we have used the fact that the integral
∫
−ΓθA
Aφ(A− λ)−1(B + λ)−1λ1−(θ+φ)+itdλ
converges absolutely by Lemma 2.3 (by noting that Aφ(A− λ)−1 = A(A− λ)−1Aφ−1).
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Similarly, by (2.4) with ρ = 0 we obtain
AKB−θ+it = B−θ+it −Bφ
1
2pii
∫
ΓθB−ε
(A− λ)−1(B + λ)−1(−λ)1−(θ+φ)+itdλ
= B−θ+it −
1
2pii
∫
ΓθB−ε
(A− λ)−1Bφ(B + λ)−1(−λ)1−(θ+φ)+itdλ
= B−θ+it −
1
2pii
∫
ΓθB−ε,|λ|≤1
(A− λ)−1Bφ(B + λ)−1(−λ)1−(θ+φ)+itdλ
−
1
2pii
∫
ΓθB−ε,1<|λ|<e
n
(A− λ)−1Bφ(B + λ)−1(−λ)1−(θ+φ)+itdλ
−
1
2pii
∫
ΓθB−ε,e
n≤|λ|
(A− λ)−1Bφ(B + λ)−1(−λ)1−(θ+φ)+itdλ,(2.6)
where we have used the fact that the integral
∫
ΓθB−ε
(A− λ)−1Bφ(B + λ)−1(−λ)1−(θ+φ)+itdλ
converges absolutely by Lemma 2.3.
Assume first that A is T -sectorial and B admits a bounded H∞-calculus. By writing θ˜B = θB − ε and
λ = re±iθ˜B in the third term on the right hand side of (2.6), we have that
−
1
2pii
∫
Γθ˜B
,1<|λ|<en
(A− λ)−1Bφ(B + λ)−1(−λ)1−(θ+φ)+itdλ
=
eipi(θ+φ)e(pi−θ˜B)t
2pii
∫ en
1
(A− reiθ˜B )−1Bφ(B + reiθ˜B )−1r1−(θ+φ)+iteiθ˜B(1−θ−φ)eiθ˜Bdr
−
e−ipi(θ+φ)e(θ˜B−pi)t
2pii
∫ en
1
(A− re−iθ˜B )−1Bφ(B + re−iθ˜B )−1r1−(θ+φ)+ite−iθ˜B(1−θ−φ)e−iθ˜Bdr
= Cθ,φ(t)
∫ en
1
(A− reiθ˜B )−1(r−1B)φ(r−1B + eiθ˜B )−1r1−θ+iteiθ˜B
dr
r
−C˜θ,φ(t)
∫ en
1
(A− re−iθ˜B )−1(r−1B)φ(r−1B + e−iθ˜B )−1r1−θ+ite−iθ˜B
dr
r
,
where
Cθ,φ(t) = e
iθ˜B
ei(pi−θ˜B)(θ+φ)e(pi−θ˜B)t
2pii
and C˜θ,φ(t) = e
−iθ˜B
ei(θ˜B−pi)(θ+φ)e(θ˜B−pi)t
2pii
.
7If we pass to e-adyc decomposition of [1, en], for any u ∈ E we obtain that
−
1
2pii
∫
Γθ˜B
,1<|λ|<en
(A− λ)−1Bφ(B + λ)−1(−λ)1−(θ+φ)+itudλ
= Cθ,φ(t)
n−1∑
k=0
∫ ek+1
ek
(A− reiθ˜B )−1(r−1B)φ(r−1B + eiθ˜B )−1r1−θ+iteiθ˜Bu
dr
r
−C˜θ,φ(t)
n−1∑
k=0
∫ ek+1
ek
(A− re−iθ˜B )−1(r−1B)φ(r−1B + e−iθ˜B)−1r1−θ+ite−iθ˜Bu
dr
r
= Cθ,φ(t)
n−1∑
k=0
∫ e
1
(A− xekeiθ˜B )−1(x−1e−kB)φ(x−1e−kB + eiθ˜B )−1x1−θ+ite(1−θ)keikteiθ˜Bu
dx
x
−C˜θ,φ(t)
n−1∑
k=0
∫ e
1
(A− xeke−iθ˜B )−1(x−1e−kB)φ(x−1e−kB + e−iθ˜B )−1x1−θ+ite(1−θ)keikte−iθ˜Bu
dx
x
= Cθ,φ(t)
∫ e
1
n−1∑
k=0
(A− xekeiθ˜B )−1B+φ,k(x)x
1−θ+ite(1−θ)keikteiθ˜Bu
dx
x
−C˜θ,φ(t)
∫ e
1
n−1∑
k=0
(A− xeke−iθ˜B )−1B−φ,k(x)x
1−θ+ite(1−θ)keikte−iθ˜Bu
dx
x
,
where
B±φ,k(x) = (x
−1e−kB)φ(x−1e−kB + e±iθ˜B )−1.
If we take the Lp norm, with the same p as in the T -sectoriality of A, by Ho¨lder’s inequality and Fubini’s
theorem we find that
‖ −
1
2pii
∫
Γθ˜B
,1<|λ|<en
(A− λ)−1Bφ(B + λ)−1(−λ)1−(θ+φ)+itudλ‖Lp(0,2pi;E)
≤
e2pi(pi−θ˜B)
2pi
(
∫ 2pi
0
(
∫ e
1
‖
n−1∑
k=0
(A− xekeiθ˜B )−1B+φ,k(x)x
1−θe(1−θ)keikteiθ˜Bu‖
dx
x
)pdt)
1
p
+
1
2pi
(
∫ 2pi
0
(
∫ e
1
‖
n−1∑
k=0
(A− xeke−iθ˜B )−1B−φ,k(x)x
1−θe(1−θ)keikte−iθ˜Bu‖
dx
x
)pdt)
1
p
≤
e2pi(pi−θ˜B)
2pi
(e− 1)1−
1
p (
∫ 2pi
0
∫ e
1
‖
n−1∑
k=0
(A− xekeiθ˜B )−1B+φ,k(x)x
1−θe(1−θ)keikteiθ˜Bu‖p
dx
xp
dt)
1
p
+
1
2pi
(e− 1)1−
1
p (
∫ 2pi
0
∫ e
1
‖
n−1∑
k=0
(A− xeke−iθ˜B )−1B−φ,k(x)x
1−θe(1−θ)keikte−iθ˜Bu‖p
dx
xp
dt)
1
p
≤
e2pi(pi−θ˜B)
2pi
(e− 1)1−
1
p (
∫ e
1
∫ 2pi
0
‖
n−1∑
k=0
(A− xekeiθ˜B )−1B+φ,k(x)x
1−θe(1−θ)keikteiθ˜Bu‖pdt
dx
xp
)
1
p
+
1
2pi
(e− 1)1−
1
p (
∫ e
1
∫ 2pi
0
‖
n−1∑
k=0
(A− xeke−iθ˜B )−1B−φ,k(x)x
1−θe(1−θ)keikte−iθ˜Bu‖pdt
dx
xp
)
1
p .
Hence, by the assumptions on A, there exists some collection
a0(t), ..., an−1(t), a˜0(t), ..., a˜n−1(t) ∈ {f ∈ L
∞(0, 2pi) | ‖f‖∞ ≤ 1}
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(where in the following we use the same symbol to denote some appropriate representatives of the elements
of he above collection) and some constants Cp,pi−θ˜BA , C
p,θ˜B−pi
A such that
‖ −
1
2pii
∫
Γθ˜B
,1<|λ|<en
(A− λ)−1Bφ(B + λ)−1(−λ)1−(θ+φ)+itudλ‖Lp(0,2pi;E)
≤
e− 1
2pi
e2pi(pi−θ˜B) sup
x∈(1,e)
(
∫ 2pi
0
‖
n−1∑
k=0
(A− xekeiθ˜B )−1B+φ,k(x)x
1−θe(1−θ)keikteiθ˜Bu‖pdt)
1
p
+
e− 1
2pi
sup
x∈(1,e)
(
∫ 2pi
0
‖
n−1∑
k=0
(A− xeke−iθ˜B )−1B−φ,k(x)x
1−θe(1−θ)keikte−iθ˜Bu‖pdt)
1
p
≤ Cp,pi−θ˜BA e
2pi(pi−θ˜B)
e− 1
2pi
sup
x∈(1,e)
sup
ak
(
∫ 2pi
0
‖
n−1∑
k=0
B+φ,k(x)x
−θe−θkak(t)u‖
pdt)
1
p
+Cp,θ˜B−piA
e− 1
2pi
sup
x∈(1,e)
sup
a˜k
(
∫ 2pi
0
‖
n−1∑
k=0
B−φ,k(x)x
−θe−θka˜k(t)u‖
pdt)
1
p
≤ Cp,pi−θ˜BA
(e− 1)
(2pi)1−
1
p
e2pi(pi−θ˜B) sup
x∈(1,e)
sup
ak
sup
t∈(0,2pi)
‖
n−1∑
k=0
B+φ,k(x)x
−θe−θkak(t)u‖
+Cp,θ˜B−piA
(e− 1)
(2pi)1−
1
p
sup
x∈(1,e)
sup
a˜k
sup
t∈(0,2pi)
‖
n−1∑
k=0
B−φ,k(x)x
−θe−θka˜k(t)u‖.
Thus, by the assumption on B, there exists some constant CB such that
‖ −
1
2pii
∫
Γθ˜B
,1<|λ|<en
(A− λ)−1Bφ(B + λ)−1(−λ)1−(θ+φ)+itudλ‖Lp(0,2pi;E)
≤ Cp,pi−θ˜BA CB
(e− 1)
(2pi)1−
1
p
e2pi(pi−θ˜B) sup
x∈(1,e)
sup
ak
sup
t∈(0,2pi)
sup
z∈C\ΛθB
|
n−1∑
k=0
(−x−1e−kz)φ
−x−1e−kz + eiθ˜B
x−θe−θkak(t)|‖u‖
+Cp,θ˜B−piA CB
(e − 1)
(2pi)1−
1
p
sup
x∈(1,e)
sup
a˜k
sup
t∈(0,2pi)
sup
z∈C\ΛθB
|
n−1∑
k=0
(−x−1e−kz)φ
−x−1e−kz + e−iθ˜B
x−θe−θka˜k(t)|‖u‖
≤ Cp,pi−θ˜BA CB
(e− 1)
(2pi)1−
1
p
e2pi(pi−θ˜B) sup
x∈(1,e)
sup
z∈C\ΛθB
∞∑
k=0
|
(−x−1e−kz)φ
−x−1e−kz + eiθ˜B
|‖u‖
+Cp,θ˜B−piA CB
(e − 1)
(2pi)1−
1
p
sup
x∈(1,e)
sup
z∈C\ΛθB
∞∑
k=0
|
(−x−1e−kz)φ
−x−1e−kz + e−iθ˜B
|‖u‖,(2.7)
where the last term is finite. By applying B−it in (2.6) and then taking the Lp norm we obtain that
(2pi)
1
p ‖AKB−θu‖
≤ (2pi)
1
p ‖B−θu‖+ ‖
1
2pii
B−it
∫
Γθ˜B
,|λ|≤1
(A− λ)−1Bφ(B + λ)−1(−λ)1−(θ+φ)+itudλ‖Lp(0,2pi;E)
+( sup
t∈(0,2pi)
‖B−it‖)‖ −
1
2pii
∫
Γθ˜B
,1<|λ|<en
(A− λ)−1Bφ(B + λ)−1(−λ)1−(θ+φ)+itudλ‖Lp(0,2pi;E)
+‖
1
2pii
B−it
∫
Γθ˜B
,en≤|λ|
(A− λ)−1Bφ(B + λ)−1(−λ)1−(θ+φ)+itudλ‖Lp(0,2pi;E).
By taking the limit in the above inequality as n → ∞, we find by (2.7) that there exists some constant
CA,B > 0 independent of θ such that
‖AKB−θu‖ ≤ CA,B‖u‖.
9Since K : D(A)→ D(A) and B−θAK ⊂ AKB−θ, by taking θ → 0 in the above relation we find that
‖AKv‖ ≤ CA,B‖v‖ for any v ∈ D(A).
The result then follows by a Cauchy sequence argument and the closedness of A. The case when A admits
a bounded H∞-calculus and B is T -sectorial can be treated in a similarly way starting from (2.5). 
Remark 2.7. Theorem 2.6 still holds if in the definition of T -sectoriality we let p to be equal to one or if
we replace eikt with eimkt, for all k and some fixed m ∈ N (the last follows by using em-adyc decomposition
in the proof). Moreover, the same approach can be applied to the general case of the boundedness of the
operator valued factional calculus, as in [9].
We show next that the bounded imaginary powers property is stronger than the T -sectoriality, in the
case of a UMD space.
Theorem 2.8. Let E be a UMD Banach space and A be a sectorial operator in E having bounded
imaginary powers with power angle φ < pi. Then A is T -sectorial of angle θ for any θ ∈ [0, pi − φ).
Proof. We use the representation formulas of the resolvent from the proof of Theorem 4 in [5], and follow
similar steps. Namely, if A has bounded imaginary powers with power angle φ < pi, then
(I + ρA)−1x =
1
2pii
PV
∫
R
(ρA)−is
pi
sinh(pis)
xds+
1
2
x, for any x ∈ E and ρ > 0,
and
(I + ρeiθA)−1 = (I + ρA)−1 +
1
2pii
∫
R
(ρA)−is
pi(eθs − 1)
sinh(pis)
ds, for any |θ| < pi − φ and ρ > 0,
where by PV we mean Cauchy’s principal value. For any p ∈ [1,∞), θ ∈ (φ − pi, pi − φ), r ∈ [ 1
e
, 1] and
x0, ..., xn ∈ E, for any n ∈ N, we have that
‖
n∑
k=0
eikt(I + re−k+iθA)−1xk‖Lp(0,2pi;E)
≤ ‖
n∑
k=0
eikt(I + re−kA)−1xk‖Lp(0,2pi;E) + ‖
1
2pii
∫
R
n∑
k=0
eikt(re−kA)−is
pi(eθs − 1)
sinh(pis)
xkds‖Lp(0,2pi;E)
≤ ‖
1
2pii
∫
R
n∑
k=0
eikt(re−kA)−is(
pi
sinh(pis)
−
χ(s)
s
)xkds‖Lp(0,2pi;E)
+‖
1
2pii
PV
∫
R
n∑
k=0
eikt(re−kA)−is
χ(s)
s
xkds‖Lp(0,2pi;E)
+‖
n∑
k=0
eikt
2
xk‖Lp(0,2pi;E) + ‖
1
2pii
∫
R
n∑
k=0
eikt(re−kA)−is
pi(eθs − 1)
sinh(pis)
xkds‖Lp(0,2pi;E),(2.8)
where χ(s) is the characteristic function of the interval [−pi, pi]. For the first term on the right hand side
of the above equation we estimate
‖
1
2pii
∫
R
n∑
k=0
eikt(re−kA)−is(
pi
sinh(pis)
−
χ(s)
s
)xkds‖Lp(0,2pi;E)
≤
1
2pi
∫
R
‖A−is‖|
pi
sinh(pis)
−
χ(s)
s
|‖
n∑
k=0
eik(s+t)xk‖Lp(0,2pi;E)ds
≤
1
2pi
(
∫
R
‖A−is‖|
pi
sinh(pis)
−
χ(s)
s
|(1 + |s|)ds) sup
s∈R
‖
n∑
k=0
eik(s+t)
1 + |s|
xk‖Lp(0,2pi;E).(2.9)
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Similarly, for the last term on the right hand side of (2.8) we have that
‖
1
2pii
∫
R
n∑
k=0
eikt(re−kA)−is
pi(eθs − 1)
sinh(pis)
xkds‖Lp(0,2pi;E)
≤
1
2pi
∫
R
‖A−is‖|
pi(eθs − 1)
sinh(pis)
|‖
n∑
k=0
eik(s+t)xk‖Lp(0,2pi;E)ds
≤
1
2pi
(
∫
R
‖A−is‖|
pi(eθs − 1)
sinh(pis)
|(1 + |s|)ds) sup
s∈R
‖
n∑
k=0
eik(s+t)
1 + |s|
xk‖Lp(0,2pi;E).(2.10)
Finally, we estimate the second term on the right hand side of (2.8) by using the UMD property of the
space E, i.e. the boundedness of the Hilbert transform, as follows
‖
1
2pii
PV
∫
R
n∑
k=0
eikt(re−kA)−is
χ(s)
s
xkds‖Lp(0,2pi;E)
= ‖
1
2pii
PV
∫
R
n∑
k=0
(−1)keikt(re−kA)−is
χ(s)
s
xkds‖Lp(−pi,pi;E)
= ‖(rA)it(rA)−it
1
2pii
PV
∫ pi
−pi
n∑
k=0
(−1)k
eikt
s
(re−kA)isxkds‖Lp(−pi,pi;E)
≤ ( sup
t∈[−pi,pi]
‖Ait‖)‖
1
2pii
PV
∫ pi
−pi
n∑
k=0
(−1)k
eik(t−s)
s
(rA)i(s−t)xkds‖Lp(−pi,pi;E)
≤ C( sup
t∈[−pi,pi]
‖Ait‖)‖
n∑
k=0
(−1)keikt(rA)−itxk‖Lp(−pi,pi;E)
≤ C( sup
t∈[−pi,pi]
‖Ait‖)2‖
n∑
k=0
eiktxk‖Lp(0,2pi;E),(2.11)
for some fixed constant C. The result now follows by (2.8), (2.9), (2.10) and (2.11) (note that the standard
sectoriality follows by Theorem 4 in [5]). 
3. Lp-maximal regularity
Let E be a Banach space and let the operator B = ∂t in L
p(0, τ ;E) with
D(B) = {f(t) ∈ W 1,p(0, τ ;E) | f(0) = 0},
for some p ∈ (1,∞) and τ > 0 finite. We have that σ(B) = ∅, and for any g ∈ Lp(0, τ ;E),
(B + λ)−1g =
∫ t
0
eλ(x−t)g(x)dx, ∀λ ∈ C.
By Young’s inequality for convolution (see III.4.2 in [1]), we infer that
‖(B + λ)−1‖ ≤
1− e−Re(λ)τ
Re(λ)
, ∀λ ∈ C.
Hence, B ∈ P(φ), for any φ ∈ [0, pi/2). Furthermore, if the space E is UMD, then B admits a bounded
H∞-calculus (see e.g. Theorem 8.5.8 in [8]). By substituting f(t) = ecth(t), c ∈ R, in (1.1), we see that
in the definition of the Lp-maximal regularity property we can consider A ∈ P(θ) with θ > pi2 instead
of A being an infinitesimal generator of a bounded analytic semigroup. Moreover, if A is T ∗-sectorial in
E, by taking p to be the same as that one in the T ∗-sectorility of A, we see by Fubini’s theorem that
A can be naturally extended to a T ∗-sectorial operator in Lp(0, τ ;E) by (Af)(t) = Af(t). Thus, since
Lp-maximal regularity is independent of p, Theorem 2.6 implies the following.
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Theorem 3.1. Let E be a UMD Banach space and A be a sectorial operator in E of angle greater than
pi
2 . If for some p ∈ (1,∞) and τ > 0 finite the extension of A in L
p(0, τ ;E) is T -sectorial of angle greater
than pi2 , then A has L
p-maximal regularity.
Corollary 3.2. In a UMD Banach space any T ∗-sectorial operator of angle greater than pi2 has L
p-
maximal regularity.
Corollary 3.3. If E is a UMD Banach space and A is a sectorial operator in E having bounded imaginary
powers with power angle φ < pi2 , then the extension of A in L
p(0, τ ;E) has again bounded imaginary powers
with the same power angle φ. Hence, Theorems 2.8 and 3.1 imply that A has Lp-maximal regularity, which
is the classical result of [7].
Corollary 3.4. If E is a Hilbert space, by taking p = 2 we see that T ∗-sectoriality becomes equivalent to
standard sectoriality (by choosing ak(t) = e
ikt for all k). Since any Hilbert space is UMD, this proves the
result of [3], i.e. that in a Hilbert space any infinitesimal generator of a bounded analytic semigroup has
Lp-maximal regularity.
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